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Introduction

The purpose of all many-body methods is to describe electron correlation.

B Lowdin definition of correlation energy

AL = Eeract — EHF. (1)

Since the variationally optimized Hartree-Fock energy is an upper bound to the exact
| energy, the correlation energy must be a negative value.

M There are three main methods for calculating electron correlation:
M Configuration Interaction (Cl)
B Many-Body Perturbation Theory (MBPT) or (MPPT)
B Coupled-Cluster Theory (CC)

HF theory recovers 99% of overall energy.
But,
lots of important chemistry happen in the remaining 1%.
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Conventions and Notation

Level Symbol Name Alternative
1 S singles mono-substitutions
2 D doubles di—substitutions
3 T triples tri—substitutions
4 Q guadraples  tetra—substitutions
i 5 P/5 pentuples penta—substitutions
6 H/6 hextupels hexa—substitutions

i, 7, k, ... occupied orbitals or holes.
a,b,c,...virtual, unoccupied orbitals or particles.
p,q, 7T, ...Qgeneric orbitals

A

nwa, F.H,...or 0, %, V., W,...or A,Q, ...

¢ or
o, or ¥y or |0)
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Extensivity and Consistencivity

M Size-extensive

M The energy of a non-interacting system computed with this model
scales correctly with the size of the system, which satisfy

E(NHe) = NE(He)

M Size-consistency

M The energies of two systems A and B and of the combined system AB
with A and B very far apart, computed in equivalent ways, satisfy

E(AB) = E(A) + E(B)
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The Exponential Ansatz

The essential idea in CC theory is the ground state wave function |¥g) can be given by
the exponential ansatz

Wee) = e'|Po), 2)
. T2 73
g T = Tl—I—TQ—I—Tg,—I—..., (4)
Ti|®o) = > 4oy, (5)
1,a
To|®o) = Y o5, (6)
1>
a>b
T51P0) = > i ()
1>7 k>1
a>bc>d
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Basic Considerations in CC Theory

The non-relativistic time-independent Schrodinger equation

H|V) = E|V), ®)
and can be written as
HeT|dg) = EeT|dg),
i e_TﬁeT@o) = Ee_TeT|<I>0)
! e THT | Do) = E|®o). ©)

The energy and amplitude expressions can be obtained from Eq. (9 left-multiplying by the

reference and an excited state determinant, respectively, and integrating over all space

(Bole THeT|®y) = F, (10)
(@5~ He | Do)

0. (11)
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CCD Equations

If we consider,
Weep = el? |Po) (12)

and substitute to H¥ = E¥, we can get

HeT2|®0) = Eccpel|®o) (13)
(®o|H — Eccple2®0) =0 (14)
R R 1 .2 1 .3

% <(I>0|H—ECCD| (1—|—T2—|—§T2 +§T2 —|—> (I>0>=O (15)
Ecoo = (®o|H|Po) + (Po| HT2| Do), (16)
= B+ ) (ol H|OF)E, a7)

1>7

a>b
= Euwe+ Y _(ijl|ab)ty. (18)

1>7

a>b
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CCD Equations

(<I>ab|H Eccple 2c1>0> =0 (19)

~ 1 .
(DY |H| Do) + (PYP|H — EcopTa|®o) + (9L |H — ECCD§T22|(I>0) =0 (20)

R 1
(@5 [ H|Po) + (27| H — Foco| @5+ > (IH — Eooo| @550 )5t =0
k>l>m>n
c>d>e>f
(21)

» M
I
o

g
@)
@)
O

TZTl —|—T2—|—T3—>CCSDT
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Full Cl vs. Full CC

U = (1+é) o) Uee = T |®g)
C=C1+Co+C34+C1+--- T=Ty+T5 +T5+---
2 A 1 . 1 -

GT = 1—|—T2—|—§T22—|—§T23_|_

— 1+(T1+T2+---)+%(T1+T2+---)2+---

. . 1 . A S 1 .
g = 1+T1‘|‘<T2+§T12>+(T3+T1T2+§T13>—|— (22)
% -~ ~ ~ 1 /\2 1 A2A 1 /\4
T4+T1T3+§T2+5T1T2+5T1 4+ ... (23)

|\Ij> - |\IIO> + ZCS‘S> + ZCD|D> + ZCT‘T> —+ ZCQ‘Q> + ...
S D T Q
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Second Quantization

Second-quantization techniques evolved primarily for problems in which the number of
particles is not fixed or known and in the context of independent-particle models.

We assumes the existence of an unspecified number of functions in a given fixed
one-particle basis, say

{pi} ={d1,02,d3,...}, (24)
| In general, the functions 1; are spinorbitals, and we assume that the basis is
orthonormal
(Bildj) = dij (25)

The given one-particle basis generates Hilbert spaces for N = 1, 2, ... particles, for
which the basis functions are products of N one-particle basis functions. However, since
we are dealing with fermions, we will restrict the many-particle functions to be
antisymmetric and thus assume a many-particle basis constructed of Slater
determinants made up of the one-particle basis functions.
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Creation and Annihilation Operators

The representation of a normalized Slater determinant

P =Dk = Alvivjer ) = lpipjpr ) = ligk--) (26)
where A is the antisymmetrizer and each ¢ is a spinorbital in our one-particle basis.

The Slater determinant (SD) @ is represented in second-quantized form by specifying
the occupancies (or occupation numbers) nl, n2, ... of the basis spinorbitals
©1, P2, ...Inthe determinant.

0 if ¢; isempt
ng (&) = Toilsemply a9 ) @7)
1 if ¢; is occupied

The determinant itself (and various operators on it) are represented in terms of a set of
creation and annihilation operators.

M Creation operator for ;, X1, &, il or a]
B Annihilation operator for ¢;, X;, &, ; or a

Here we shall use &,J{ and a,.
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Creation and Annihilation Operators

B An annihilation operator which is the adjoin of the creation operator
AN
(ai) = a, (28)
B Creation and annihilation operators defined in terms of their action on SD

alljk--) = lijk--) (29)
a;ligk---) = |jk--) (30)

M A given SD may be written as a chain of creation operators acting on the true
vacuum

atal - -all) = |opdq - ds). (31)

a,|)=0. (32)

al|®) =0 if n; () = 1, (33)
CI)> =0 if nz(CI)) = 0, (34)

cc theory — p. 13/41



Permutation Operator and
Anticommutation Relations

M |t is convenient to arrange the spinorbitals in an SD in lexical order as |ijk - - ),
where 7 > 5 > k > --- and therefore it is necessary define permutation operator

Plijk ) = (=1)"Plijk- - ), (35)

M Pairwise permutations of the operators introduce changes in the sign of the resulting
determinant, b At At at

a’qa’p| > — |¢Q¢p> - _|¢p¢Q> — _a’pa'q| > (36)

B The anticommutation relation for a pair of creation operators is simply

af,al| =afal +alal = 0. 37)
_|_
B The analogous relation for a pair of annihilation operators is
(G, 44] = apag +aga, =0. (38)

B The anticommutation relation for the “mixed” product is

[&;r” &Q] + [&P’ &:5] v ahig + Gqa), = dpg, (39)
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Normal Order for Second Quantized
Operators

M “all annihilation operators (dzT and a,) standing to the right of all creation operators
(a; and &2)

A =

—alalaya,. (40)

(JAl) = (I8pabrs|) = (10pgala,|) — (|6rsalay] ) + (|6psata,|) — (lafala,a,|)
— 5pq5fr~s, (41)

The matrix element of A between the single-particle states, (¢:| and |¢..),
(p+|Aldu) = ( |a,Aal,| ) and a new operator, B = a, Aal,, we can express

<§bt|A|¢u> — < |B| > — 5tu5pq5rs + 5tq5ps5ru — 5tq5pu5rs - 5ts5pq5ru- (42)
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Contraction

A contraction between two arbitrary annihilation/creation operators, A and B, is defined

as

where the notation { AB} indicates the normal-ordered form of the pair.

B Casel

-

Gpiq = @
B Casell

!

apaq = Qa
B Caselll

)

a,aq = a
B CaselVv

-
AB = AB — {AB}

al —{alal} =alal —alal =0
a, —{ala,} = ala, —ala, =0

(43)

(44)

(45)

(46)

(47)
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Wick’s theorem

An arbitrary string of annihilation and creation operators, ABCDE - - -, may be written
as a linear combination of normal-ordered strings

1 1
ABCDE---={ABCDE---}+ » {ABCDE---}{ABCDE---}+

singles

M — |
> {ABCDE---}{ABCDE---}+

| | doubles
1 1 1 1

> {ABCDEF---}{ABCDEF---}+---+ Y  {---} @9

triples fully
contracted
terms
(Pg {ABCD---}|Pg) =0 (49)
?]
(Po {ABCD---}| @)= >  {ABC..} (50)
fully
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Wick’s theorem - Example

(ol {ABCD}|®o) =t LABCD} oY + (o HABCDY 0} +
(BoHABEDIHE) + (o ABCD o) +
(o ABCDY o} + Lo HABCDHo) +
1 1 1
{PoHABEPHPo) + (Po|{ABCD}|®o)+

] Ny
(Po|{ABCD}|®g) + (Po[{ABCD}|®o) (51)
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The Fermi Vacuum and the
Particle-Hole Formalism

A complete set of operators required to generate |®¢) from the true vacuum
_ ATatat
[®0) = a;a;ay...|)

M Quasiparticle (g-particle) operators.

l&j and a, annihilate holes and particles.

Wa, and a}, create holes and particles

R ¢ JUNE SO
a;a; = a;a; —{a;a,;} = a;a; + a;a; = 0;;
and

! o o o ot

aaaz — aaaz — {aaaZ} — aaaz + aZCLa = dab
otk Nt
aTa —aaT—O
a*b — Y 7

1 1 1 1 1 1 1 1

(52)

(53)

(54)

(55)

(56)
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The Normal-Ordered Electronic
Hamiltonian

B One-electron operator

]
i ick’ te — fata A1 o i 2
Using Wick’s theorem, apa, = {apa,} + apaq, we can write one-electron operator F' as

> (ol flayata,

pq

E

— Z<p|f|q>{&;)dq} + E<P|f|Q>5pq

| pq

= Z<p|f|q {a}a q}+z il £14)
= JN+Z il f19) (57)

where .#_4 is the normal-product form of the operator.

Fn => (plflg{ala,} (58)

pq

cc theory — p. 20/41



The Normal-Ordered Electronic

Hamiltonian
Fn =) (plfle){ata,}, (59)
Since (0|.%n|0) = 0, we have P4
O1Fn[0) = (ilfli), F=Fn -+ (0F|0), (60)

and .%  represents the difference between F and its Fermi-vacuum expectation value

FN

FN

Fn = F — (0|F|0). (61)
contains hole-hole, particle-particle and hole-particle terms,

IN wa{ATA }+Zfab{aT&b}+me{&TA }+me{aT&}
- _way +Zfa&&b+2fz&& +Zfadd (62)

can be separated into dlagonal and off-dlagonal parts,

In = ZFL+7F%
>~d r Ata >~d rd
IN = prpa;ap = 7% — (0[F70),
p
Fj = > fpedla, = F°— (0|F°|0) = .F°. (63)
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The Normal-Ordered Electronic
Hamiltonian

G\ AT At 1 e L
— 2 Y twillisiafa, + 7 > (allis)ala, — > islli) + 7 D isllis) @)

pst gst 1] 7

<
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The Normal-Ordered Electronic
Hamiltonian

Using antisymmetrized two-electron integrals in Dirac’s notation,
(pql|rs) = —(pq||sr) = —(qp||rs) = {(gpl||sr), we re-index sums and combine terms

where appropriate to obtain
~ 1 At . 1 e
V=7 > wallrs){afalasa,} + > (pillri){afa,} + 5 > Gdllig). @)
]

pgrs pri

The complete Hamiltonian is therefore

A L 1 A
A= S lhlo{aba,} + Y (willri{aba,} + 5 S (pallrs){abala.a, )

pq pri pgrs
- 1 .
+ D _Galhli) + 5 > (idllig). (69)
EWACINES LS~ tpallrs) {adadana, ) + (o] |%o) 70
pq7”8

or
H=9n+ VN + (9| H| Do), (71)
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The Normal-Ordered Electronic
Hamiltonian

The normal-ordered Hamiltonian (canonical HF) is
S = H — (Do H|Po).

where, %N = (9%]\[ + 7}]\]
But, more generally,

VN =T+ PN

The total normal-product Hamiltonian

Hn = Fn+WN=F5+ I +Wn=F%+In

(72)

(73)

(74)
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Simplification of the Coupled Cluster
Hamiltonian

(75)
.72 78
<1+T+§+§+....>\cbo). (76)
AeT|do) = EeT|®o),
(ﬁ—<<1>o|ﬁ\<1>o>)ef\<1>o> = (E—<q>o|ﬁ\q>0>)ef\q>o>,
el |®g) = AEET|®o),
e_T%ZNeTM)O) = AEe_TeT|<I>0>
e T el |®g) = AB|®g). (77)
(@ole~T AyeT|do) = AE, (78)
<<pgjb-...'.|e—fc%zNeT‘q)o> — (79)
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Simplification of the Coupled Cluster
Hamiltonian

tfaka,, (80)
t¢alalaa;, (81)

2
n—<—> S othalal . aja,. (82)
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Similarity-Transformed
Normal-Ordered Hamiltonian

HV, = EUy (83)

HQQ ', = BV, (84)
—1 £ —1 _ —1
Q1A Qv = EQ 1y, (85)
AV, = BV, (86)

This change eigenvectors but not the eigenvalues of the operator.
The similarity-transformed normal-ordered Hamiltonian, H = e~ Hy e, we obtain

A = A4 (1] +% ([,7] 7] +% [[a,7].7).7] +
(] ] 7]
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Campbell-Baker-Hausdorff
Relationship

(Do (ﬁNef)C |®0) = AE,

0.

@[ (HneT) %)

The energy and T amplitudes can be obtained by solving equations [89 and [90,
respectively.

In order to satisfy the generalized Hellmann—Feynman theorem and to calculate
molecular properties, CC equations can be reformulated while introducing an
antisymmetrized, perturbation-independent, deexcitation operator A

A = AM4+A+...+Apn,

1\2 -
Ap = <5> S g {itit . bal
ij...ab...

O] (1 + A) (ﬁNeT) 10y =AB,

O/ (1 +A) (AyeT) —AB|@Z:) =0,

C

(88)

(89)

(90)

(91)

(92)

(93)
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The CCSD Energy Equation

(P (ﬁNe(T1+T2)) |®o) = AL, (95)

C

— A

. . 1. 1. . 1. 1 oo n

H=Hpy (1 + Ty + 1> + 5T12 + 5T§ + T1To+ 6T13 + 5TET2+
1 . - 1. 1 . 1 ocarn 1 aon 1 . - 1 .
T2 - IS 4 7 BT +—T2T2+—TT3+—T4> 96
212 62 241612412612 2426()

but only survives,

~ ~ ~ 1 -~
Hy (1 + 11+ 15+ 5Tf) (97)
C
A A ~ ~ 1A2
(B + V) (1+Ta+ To + ST (98)
C
N T N N N L N I S S ey
Fn +VN + FNTY + FNTS + iFNTl + VNTh1 + VNI + §VNT1 (99)
C
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The CCSD Energy Equation

We have,

Fy = Z qu{&;&q} (100)
pq
N 1 T
W= 0 alirshalalaa, ) a0y
pqrs
) 1 o at
at
| | - 1 AT AT A -
: Ty = 1 Z tfjb{aga;r)aj a; (103)
abiy
A 1 b R o
T2 = 1 Z ot {aTa }{aZaJ} (104)
atby
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The CCSD Energy Equation

A N A A A A 1. . A Ao 1~ .
(FN + VN + FNT1 + FNT2 + §FNT12 + VNT1 + VNTS + §VNT12> (105)
C
A o~ 1 e L
FnTy =3 >N fegti{aba,{ala;} (106)
rq at
{ala,Hala,y = {alaala,}
i ] 1 1
= {aa,ala;} +{ajasala:}t +{ajasala:} + {ajasala;}
= {alajala;} + opif{a,al} + dqa{ala;} + 0pidga (107)
FNTy =) fiat?, (108)
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The CCSD Energy Equation

— Z Z quv‘“b{apaq}{a abaja?

Pq aibj
= - Z > quv‘“b ({apaqa aba a; b+ {(*,’—l%a a; )+
prq a?bj
{('}Ta a a Q. a?}+{a a{, (}?}—I—{(} aba (}?}—I—{(m ;) +

{('}Ta a aba a? '+ {a aba a; b+ {(‘ﬁa a aga (J? ) .

(it’j\"fl) = 7 Z > (pql|rs)t {a agar}{alai

PQT9 1a

= — Z Z (pq||rs) ({a agara,l.a@ '+ {(}; a,é a,SaTaL (J?? H+

PQT9 10

{aTaTa a,ala;} + {(}T(}T(} a,da;} + {(}T(}T(} a,.ala;} + {(ﬁfﬁa a,a a?} +

{aTaTa d,.dl a? }+ {(}TO’T(} a,dla;} + {aTaTa d,da, )
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The CCSD Energy Equation

(D] (f«,j}) [ @o) = Z > (pgl|rs) f”b D Haiafa a, Ha! abaja?}@q)
¢ PQTga?bJ
Z Z (pq||rs) 7“'“5 ( (‘IHT hf(}l(,‘v clr 1+ {r‘ﬁ‘Jr aga r,‘v?}+
PQT90?53
‘};Jf}agarrﬁaza a; b+ {(‘}T(}Ta a (}Taln‘? (l )

Z S (pal[r syt (6,040,005 4 00
PGTSG?bJ

— —Z (17]|ab) f”b.

a?bj

(5 ffjsa

- O O 0 dsb d O Orbosa)

pivqi
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The CCSD Energy Equation

1 s a
5(@0\ (VNTZ) D) = Z ZZ (pq||rs)titi(@o|{alalaa, H{ala, Haja, i1®o)

pqrs ai

- _ Z > {pql|rs) f”t? ({(Jfafa G al a, ab(,‘r b+ {iﬁa*a adla.a (Lj}—l-
PQTQG?bJ

‘ T ‘ il =
(Jp(,rqugaraaa?(,rba b+ {apaqag(,zraﬂa? (. }

= — Z Z p(]‘ ‘f S fﬂfb (5pj5qi§m§sb + (5pj5q,,.;(5?b(5m + (5pi(5qj(5m5sb — (5},15@5;(5?5(530.)

PQT90?53

= — Z ij||ab)tih. 137

G?bj
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The CCSD Energy Equation

N - A A o~ 1 .~ . A A A A 1~ -
(FN + VN + FNT71 + FNT2 + §FNT12 + VNTL + VNTs + §VNT12>

C

Z qu{&;ra&q} =0

pq

1 At At A

1 > (pallrs){ahaba,a,} =0
pqrs

S 303 feati{aja, Hala,) = 2_ fiatl,
Pq at

- Z Z qut & & {&L&Z&j&i} =0,
Pq abij

- Z > featiti{ata,Hala; Haga, ) =0,
Prq aiby

ita oAy 1 arat s

N Z quTS){CL CL qds@ r} Zti {CLILCLZ-} — Oa

qu’S at

FEccsp — Eg = meta + — Z (ij||ab) tab + — Z (ij||ab) tat?.

CL’Lbj azbj

(109)

(110)

(111)

(112)

(113)

(114)

(115)

(116)
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The CCSD Amplitude Equations

(@ (Ane™HT)) o) = (117)

(®sP (IQINe(TlJFT?))C [®g) =0 (118)

(@¢] (Fn + Vv ) [B0) =

> fog(®ol{ala, Haba, HPo) + 12 (pq||rs)(®o|{ala, }alala,a,}®o).
rq pgrs

(119)

(P Fn|Po) = > fpg(®ol{ala, Haba,}|®o)
pq
TSIy,
= prq{aiaaapaq}
pq
— prqézqéap
pq
— fai- (120)
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The CCSD Amplitude Equations

(121)

@71 (En + Vv ) [@0) =

> foa(@ol{alata,a, Haba, }@o) + - qunrs )(®ol{alala,a, Habala,a, }|@o).

4 pare
(@“ﬂlr\ﬁbg = ——E: (pq||rs) (Dd{a (%aa}{aTaTaf%}ﬂéu)
% pqre
::——jzz‘qurs ({1 ! Sy, agaga }+{T|Taba agagiT}4
4 pars \
{LT Tabé_a;agagar}-+-{a 15y, aTaTagar})
1 o o o o
— 1 Z <p‘?‘|f5> ((jpaoqb(jribsj _ (jpb()qaoriosj - ()pa()qb():r‘josi + ()pb()qa()?‘j()si)
pars
= (abl|ij).
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The CCSD Amplitude Equations

@ ([P + V| 1) 120) = DO fuathi@ol{ala,} ({aja,Haja,}) |o) +

pq  jb c
- Z S (pallrs)tt (@ol{ala ({a agasar}{agaj}) o),
pq’r‘s b ¢
L (Y (ﬁ:\,,.fl)( Dy) = = Z S (pg||rs) fb (Dol{ala, ({(ﬁa’m ar}{abaj )(' Do)
| J PQT9 7b J
[+ 7 T
—— Z Z (pql|rs) fb ({a? a, aTaTa (JT(Jbaj} + {a?aaa;aé aba tH+
PQT9 gb
{(}TO"—(‘}T(}T(} a aba 4+ {a?a fJ;—lf,?;(J,S(LT(LE(,‘tj })
— Z > (pql|rs) fb OpaOqiOrtdsi + 0pi0qalrtdsi + OpalqiOriOsy — 0pidqadriOsy)
PQT9 gb
_ RTPAR.
= {jallbi)t].
7b
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(@) (I:j\.;fl)c D) —

" Z Z (pal|rs)t;

e |

pgr

({

‘Hf

aba (g g

ak}4—

The CCSD Amplitude Equations

E::qurS'Q QLﬂ{a aba ({a;agaSaT}{aiak})p\¢m>
— ,

}+

ial'k } +

4 pars e
{ffafabaaa;aéaga dla k}-+—{uféfaba aT éag&;&iék}-+-{ujgjaba a;aéa ara(Jk
{rf‘iabaaa;aé&:j_aj }-+—{aza;aba a;aéézaraiak} +—{rj‘jaba a;aéaga a Ak}-+
{afu}aba a; éa a afak}-+-{@I(;Lb&;&;&gas&raidk}-+—{uza;53$;5;$ga a,a
{atatégégaéagagaro(ak}-+-{uTatébaaa;agagorf(ak}-+-{ufajgb£;3ig£agaro

{a, T Tabaaapagaga al

a 3+ A{aa

T

(}'b

W
aaapaqagaro(

}+{T Taba alala.a.a

(Ipq‘i?"(

al‘k: } +

= 3" ((ablleq)ts — (abllei)es) + 32 ((igl bkt — Gillakyil, )
c k

ak}
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T, Contribution,

0

The CCSD Amplitude Equations

. 1
fai D Fact =3 fuith + D _(kallei)tf, + Y fuctif + 5 > (kalled)ti] -
c k kc kc

ked

1
5 D (klllei)tsd — > fretSty — > (kll|ei)tgt} + > (kalled)titd — (122)
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