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Basis Sets

² Generically, a basis set is a collection of vectors which
spans(de¯nes) a spacein which a problem is solved

² î; ĵ ; k̂ de¯ne a Cartesian,3D linear vector space

² In quantum chemistry, the \basis set" usually refersto the
set of (nonorthogonal) one-particlefunctions usedto build
molecularorbitals

² Sometimes,theorists might also refer to N -electron basis
sets, which is something elseentirely | sets of Slater
determinants



Basis Sets in Quan tum Chemistry

² LCAO-MO approximation: MO's built from AO's

² An \orbital" is a one-electronfunction

² AO's represented by atom-centered Gaussiansin most
quantum chemistry programs| why Gaussians?(GTO's)

² Someolder programsused\Slater functions" (STO's)

² Physicists like plane wave basissets



Slater-T yp e Orbitals (STO's)

ÁST O
abc (x; y; z) = N xaybzce¡ ³ r

² N is a normalization constant

² a;b;c control angular momentum, L = a + b+ c

² ³ (zeta) controls the width of the orbital (large ³ gives
tight function, small ³ givesdi®usefunction)

² Theseare H-atom-like, at least for 1s; however, they lack
radial nodesand are not pure sphericalharmonics(how to
get 2s or 2p, then?)

² Correct short-rangeand long-rangebehavior



Gaussian-T yp e Orbitals (GTO's)

ÁGT O
abc (x; y; z) = N xaybzce¡ ³ r 2

² Again, a;b;c control angular momentum, L = a + b+ c

² Again, ³ controls width of orbital

² No longer H-atom-like, even for 1s

² Much easierto compute (Gaussianproduct theorem)

² Almost universally usedby quantum chemists



Con tracted Gaussian-T yp e Orbitals (CGTO's)

² Problem: STO's are more accurate,but it takes longer to
compute integrals using them

² Solution: Use a linear combination of enoughGTO's to
mimic an STO

² Unfortunate: A combination of n Gaussiansto mimic an
STO is often called an \STO-nG" basis,even though it is
madeof CGTO's...

ÁCGT O
abc (x; y; z) = N

nX

i=1

ci xaybzce¡ ³ i r 2
(1)



Figure from Szab o and Ostlund, Mo dern Quan tum Chemistry .



T yp es of Basis Sets

Minimal : Onebasisfunction (STO, GTO, or CGTO) for each
atomic orbital in the atom

Double-zeta : Two basisfunctions for each AO

Triple-zeta : Three basisfunctions for each AO

... and etc. for quadruple-zeta (QZ), 5Z, 6Z, ... Having
di®erent-sized functions allows the orbital to get bigger or
smaller when other atoms approach it

A split-valencebasisusesonly onebasisfunction for each core
AO, and a larger basisfor the valenceAO's



Examples

H atom, minimal basis: One 1s AO, one (STO, GTO, or
CGTO) basisfunction

C atom, minimal basis: 1s, 2s, 2px , 2py, 2pz AO's (5), so 5
basisfunctions

C atom, double-zeta basis: Two basisfunctions per AO, so
10 basisfunctions

C atom, split-v alence double-zeta basis: 9 basis func-
tions (why?)



Polarization Functions

² As other atoms approach, an atom's orbitals might want
to shift to onesideor the other (polarization). An s orbital
can polarize in onedirection if it's mixed with a p orbital.

² p orbitals can polarize if mixed with d orbitals

² In general, to polarize a basis function with angular
momentum l, mix it with basis functions of angular
momentum l + 1

² This gives \p olarized double-zeta", or \double-zeta plus
polarization" basissets,etc



Coun ting Polarization Functions

² We know there should be 5 d functions (usually chosen
as dx2¡ y2 , dz2 , dxy , dxz , and dyz); theseare called \pure
angular momentum" functions (even though they aren't,
really)

² Computers would prefer to work with 6 d functions (dx2 ,
dy2 , dz2 , dxy , dxz , and dyz); theseare called \6 Cartesiand
functions"

² dx2 + dy2 + dz2 looks like an s orbital

² Similar answersare obtained using 5 or 6 d functions

² For f functions, it's 7 versus10 f functions



² Common reason for disagreement between calculated
results and literature values| di®erent number of polar-
ization functions

² Somebasissetsweredevelopedusing5d's (cc-pVXZ, newer
Pople basissets),someusing 6 d's (older Pople basissets);
results don't changemuch, but it is more consistent to use
the samenumber of polarization functions as the basisset
designer

² Di®erent programshave di®erent default valuesfor number
of polarization functions



Di®use Functions

² Di®usefunctions have small ³ exponents; this meansthe
electron is held far away from the nucleus

² Necessaryfor anions,Rydberg states,very electronegative
atoms (°uorine) with a lot of electrondensity

² Necessaryfor accuratepolarizabilities or binding energies
of van der Waalscomplexes(bound by dispersion)

² It is very bad to do computations on anionswithout using
di®usefunctions; your results could changecompletely!



Anatom y of a Basis Set: H atom, STO-3G

A basisset of Contracted Gaussian-Type Orbitals (CGTO's)
needsto specify the exponents (³ i 's) and the contraction
coe±cients (ci 's). Theseare given below in the format usedby
the Gaussianprogram (exponents ¯rst)

H 0
S 3 1.00

3.42525091 0.154328970
0.623913730 0.535328140
0.168855400 0.444634540

****



Anatom y of a Basis Set: C atom, STO-3G

C 0
S 3 1.00

71.6168370 0.154328970
13.0450960 0.535328140
3.53051220 0.444634540

SP 3 1.00
2.94124940 -0.999672300E-01 0.155916270

0.683483100 0.399512830 0.607683720
0.222289900 0.700115470 0.391957390

****

STO-3G and other basissetsby John Pople use\SP" shells,
which shareexponents for s and p functions



Pople Basis Sets

² Developed by the late Nobel Laureate, John Pople, and
popularizedby the Gaussianset of programs

² STO-3G is a minimal basis set in which each AO is
represented by 3 Gaussians(3G), chosento mimic the
behavior of a STO

² Pople's split-valencedouble-zetabasisset is called 6-31G;
the core orbital is a CGTO madeof 6 Gaussians,and the
valenceis described by two orbitals | oneCGTO madeof
3 Gaussians,and onesingleGaussian



Anatom y of a Basis Set: C atom, 6-31G

C 0
S 6 1.00

3047.52490 0.183470000E-02
457.369510 0.140373000E-01
103.948690 0.688426000E-01
29.2101550 0.232184400
9.28666300 0.467941300
3.16392700 0.362312000

SP 3 1.00
7.86827240 -0.119332400 0.689991000E-01
1.88128850 -0.160854200 0.316424000

0.544249300 1.14345640 0.744308300
SP 1 1.00

0.168714400 1.00000000 1.00000000



More on Pople Basis Sets

² 6-31G* [or 6-31G(d)] is 6-31G with added d polarization
functions on non-hydrogenatoms; 6-31G** [or 6-31G(d,p)]
is 6-31G* plus p polarization functions for hydrogen

² 6-311Gis a split-valencetriple-zeta basis;it addsoneGTO
to 6-31G

² 6-31+G is 6-31G plus di®uses and p functions for non-
hydrogenatoms; 6-31++G hasdi®usefunctions for hydro-
genalso



Designations of Basis Set Size

It is useful to refer to how large a basisset is by listing how
many setsof functions it hasfor each angular momentum type.
Examples:

H atom, minimal basis: 1s (1 function)

C atom, minimal basis: 2s1p(5 functions)

C atom, double-zeta basis: 4s2p(10 functions)

C atom, split-v alence double-zeta basis: 3s2p (9 func-
tions)



Dunning's Correlation-Consisten t Basis Sets

² Thom Dunning (UT,ORNL) pointed out that basissets
optimized at the Hartree-Fock level might not be ideal for
correlatedcomputations

² The \correlation consistent" basissetsare optimized using
correlated(CISD) wavefunctions

² cc-pVXZ meansa Dunning correlation-consistent, polarized
valence,X-zeta basis;X=D,T,Q,5,6,7

² Functionsareaddedin shells. cc-pVDZ for C atom consists
of 3s2p1d. cc-pVTZ would be 4s3p2d1f. cc-pVQZ would
be 5s4p3d2f1g.



² The Dunning basissetsare designedto convergesmoothly
toward the complete(in¯nite) basisset limit

² A pre¯x \aug" means one set of di®usefunctions is
added for every angular momentum present in the basis;
aug-cc-pVDZfor C atom hasdi®uses,p,d

² Functions describingcore correlation are denotedby the
letter \C" in the cc-pCVXZ or aug-cc-pCVXZbasissets



Convergence of Vibrational Frequencies for
BH, CH + , and NH

bond lengthº as that which satisfiesY01 ) p/í re
2 for a fitted

DunhamcoefficientY01. However,a moredetailedtreatment36

showsthat

where re
ad is an adiabatic bond length, ¢ Y01

D is a Dunham
correction(involving up to thefifth derivativeof thepotential),
and gJ is the Zeemaneffect rotational factor incorporating
nonadiabaticcontributions.FollowingWatson,onemaycorrect
theexperimentalbondlength(re

exp) to obtainadiabatic(re
ad) and

BO (re
BO) valuesas

whered1
ad andd2

ad areconstants,me is massof anelectron,and
M1 andM2 arenuclearmasses.Theseallow for a moredirect
comparisonto the equilibrium bond lengths (re

BO) and the
DBOC-correctedbond lengths(re

ad) computedtheoreticallyin
this work. This approachhasbeenusedby Martin3,4 to derive
BO bond lengthsfrom experimentalvaluesfor BH and NH.
Rigorousdiscussionof adiabaticand nonadiabaticeffects in
rovibrational spectraof diatomicsis given by Watson36 and
TiemannandOgilvie35 andamorequalitativediscussionis given
in refs 3, 4, and37.

3.1. Convergence of the One-Particle Space. Figure 1
illustrateshow theCCSD(T)predictionsof re andö e monotoni-
cally convergetowardthe cc-pVNZ-derivedCBS limit as the
sizeof thecc-pVNZ(valence-only)basisincreases.Onthescale
of thesegraphs,theerrorsfor thecc-pVDZbasisaremuchlarger
thanthosefor otherbasissets,suggestingthat this basissetis
too small to be used reliably in extrapolationschemesfor
molecularproperties.38 The cc-pVQZ basisappearssufficient
to convergere to 0.001…,but a cc-pV5Z basisis requiredto
convergeö e to 1 cm- 1.

Similarly, Figures2 and3 showthe convergenceof re and
ö e toward the CBS limit derivedusingcc-pCVNZ basissets.
Errors in re go from approximately0.02…for the cc-pCVDZ
basisto under0.005…for cc-pCVTZ andunder0.001…for
cc-pCVQZ. Again, however, cc-pCVQZ does not appear

TABLE 3: SpectroscopicConstantsof the X÷ 3ª - State of NH

levelof theory re ö e ö exe Be Dhe Re

FCI-cc-pVDZ 1.05647 3188.20 81.7 16.065 0.00163 0.656
FCI-cc-pVTZ 1.03970 3259.19 79.3 16.587 0.00172 0.656
FCI/cc-pCVDZ 1.05547 3191.49 81.8 16.096 0.00164 0.657
CCSD(T)/cc-pVDZ 1.05588 3196.93 80.9 16.083 0.00163 0.652
CCSD(T)/cc-pVTZ 1.03921 3267.77 78.4 16.603 0.00172 0.653
CCSD(T)/cc-pVQZ 1.03716 3282.12 78.4 16.669 0.00172 0.650
CCSD(T)/cc-pV5Z 1.03685 3285.58 78.8 16.679 0.00172 0.648
CCSD(T)/cc-pCVDZ 1.05488 3200.33 80.9 16.113 0.00163 0.652
CCSD(T)/cc-pCVTZ 1.03788 3268.24 78.5 16.646 0.00173 0.657
CCSD(T)/cc-pCVQZ 1.03607 3288.74 78.2 16.704 0.00172 0.650
CCSD(T)/cc-pCV5Z 1.03558 3292.67 78.6 16.720 0.00172 0.649

Extrapolation
CCSD(T)/cc-pCV(Q5)Za 1.03527 3294.23 78.2 16.730 0.00173 0.649
¢ FCI

b + 0.00052 - 8.05 + 0.6 - 0.017 0.00000 + 0.004
¢ relativistic

c + 0.00003 - 1.75 0.0 - 0.001 0.00000 0.000
bestBO 1.03582 3284.43 78.9 16.712 0.00173 0.653
¢ DBOC

d + 0.00027 - 1.38 - 0.009 0.00000
bestadiabatic 1.03609 3283.05 16.703 0.00173
error(BO vs exp(BO))e - 0.00073
error(BO vs exp(adiabatic))f - 0.00093
error(BO vs exp)f - 0.00093 1.85 0.0 0.013 0.00002 0.004
error(adiabaticvs exp(adiabatic))f - 0.00066
error(adiabaticvs exp)f - 0.00066 0.47 0.004 0.00002
exp(BO)g 1.03655
exp(adiabatic)h 1.03675
expi 1.03675 3282.583 78.915 16.700 0.00171 0.649

a E ) ESCF
5 + Ecorr

Q5 , whereEcorr
Q5 is given by eq 2. b FCI/cc-pCVTZ- CCSD(T)/cc-pCVTZ.c CCSD/cc-pCV5Zlevel with unrelaxeddensities.

d CISD/cc-pVTZDBOC valuesarenot sufficiently convergedto give reliablehigherorderderivatives;ö exe andRe arenot reported.e Compared
with BO valuesderivedfrom experiment(exp(BO)). Seeref 3. f Comparedwith rawexperimentalnonadiabatic(� adiabatic)values(exp). g Martin.4
h Accordingto Martin,4 nonadiabaticeffectsin the X÷ 3ª - stateof NH arevery small, so re

ad � re
nonad. i Bernathet al.33,34

Figure 1. Convergenceof CCSD(T)re andö e towardthe CBS limit
derivedfor valence-only(cc-pVNZ) basissets.
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Comparisonof SpectroscopicConstants J. Phys.Chem.A, Vol. 108,No. 15, 2004 3071

T emelso, Valeev, and Sherrill, J. Phys. Chem. A 108 , 3068 (2004).



Convergence of Bond Lengths for BH, CH + , and NH

bond lengthº as that which satisfiesY01 ) p/í re
2 for a fitted

DunhamcoefficientY01. However,a moredetailedtreatment36

showsthat

where re
ad is an adiabatic bond length, ¢ Y01

D is a Dunham
correction(involving up to thefifth derivativeof thepotential),
and gJ is the Zeemaneffect rotational factor incorporating
nonadiabaticcontributions.FollowingWatson,onemaycorrect
theexperimentalbondlength(re

exp) to obtainadiabatic(re
ad) and

BO (re
BO) valuesas

whered1
ad andd2
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M1 andM2 arenuclearmasses.Theseallow for a moredirect
comparisonto the equilibrium bond lengths (re

BO) and the
DBOC-correctedbond lengths(re

ad) computedtheoreticallyin
this work. This approachhasbeenusedby Martin3,4 to derive
BO bond lengthsfrom experimentalvaluesfor BH and NH.
Rigorousdiscussionof adiabaticand nonadiabaticeffects in
rovibrational spectraof diatomicsis given by Watson36 and
TiemannandOgilvie35 andamorequalitativediscussionis given
in refs 3, 4, and37.

3.1. Convergence of the One-Particle Space. Figure 1
illustrateshow theCCSD(T)predictionsof re andö e monotoni-
cally convergetowardthe cc-pVNZ-derivedCBS limit as the
sizeof thecc-pVNZ(valence-only)basisincreases.Onthescale
of thesegraphs,theerrorsfor thecc-pVDZbasisaremuchlarger
thanthosefor otherbasissets,suggestingthat this basissetis
too small to be used reliably in extrapolationschemesfor
molecularproperties.38 The cc-pVQZ basisappearssufficient
to convergere to 0.001�, but a cc-pV5Z basisis requiredto
convergeö e to 1 cm- 1.

Similarly, Figures2 and3 showthe convergenceof re and
ö e toward the CBS limit derivedusingcc-pCVNZ basissets.
Errors in re go from approximately0.02 � for the cc-pCVDZ
basisto under0.005� for cc-pCVTZ andunder0.001� for
cc-pCVQZ. Again, however, cc-pCVQZ does not appear

TABLE 3: SpectroscopicConstantsof the X÷ 3ª - State of NH

levelof theory re ö e ö exe Be Dhe Re

FCI-cc-pVDZ 1.05647 3188.20 81.7 16.065 0.00163 0.656
FCI-cc-pVTZ 1.03970 3259.19 79.3 16.587 0.00172 0.656
FCI/cc-pCVDZ 1.05547 3191.49 81.8 16.096 0.00164 0.657
CCSD(T)/cc-pVDZ 1.05588 3196.93 80.9 16.083 0.00163 0.652
CCSD(T)/cc-pVTZ 1.03921 3267.77 78.4 16.603 0.00172 0.653
CCSD(T)/cc-pVQZ 1.03716 3282.12 78.4 16.669 0.00172 0.650
CCSD(T)/cc-pV5Z 1.03685 3285.58 78.8 16.679 0.00172 0.648
CCSD(T)/cc-pCVDZ 1.05488 3200.33 80.9 16.113 0.00163 0.652
CCSD(T)/cc-pCVTZ 1.03788 3268.24 78.5 16.646 0.00173 0.657
CCSD(T)/cc-pCVQZ 1.03607 3288.74 78.2 16.704 0.00172 0.650
CCSD(T)/cc-pCV5Z 1.03558 3292.67 78.6 16.720 0.00172 0.649

Extrapolation
CCSD(T)/cc-pCV(Q5)Za 1.03527 3294.23 78.2 16.730 0.00173 0.649
¢ FCI

b + 0.00052 - 8.05 + 0.6 - 0.017 0.00000 + 0.004
¢ relativistic

c + 0.00003 - 1.75 0.0 - 0.001 0.00000 0.000
bestBO 1.03582 3284.43 78.9 16.712 0.00173 0.653
¢ DBOC

d + 0.00027 - 1.38 - 0.009 0.00000
bestadiabatic 1.03609 3283.05 16.703 0.00173
error(BO vs exp(BO))e - 0.00073
error(BO vs exp(adiabatic))f - 0.00093
error(BO vs exp)f - 0.00093 1.85 0.0 0.013 0.00002 0.004
error(adiabaticvs exp(adiabatic))f - 0.00066
error(adiabaticvs exp)f - 0.00066 0.47 0.004 0.00002
exp(BO)g 1.03655
exp(adiabatic)h 1.03675
expi 1.03675 3282.583 78.915 16.700 0.00171 0.649

a E ) ESCF
5 + Ecorr

Q5 , whereEcorr
Q5 is given by eq 2. b FCI/cc-pCVTZ- CCSD(T)/cc-pCVTZ.c CCSD/cc-pCV5Zlevel with unrelaxeddensities.

d CISD/cc-pVTZDBOC valuesarenot sufficiently convergedto give reliablehigherorderderivatives;ö exe andRe arenot reported.e Compared
with BO valuesderivedfrom experiment(exp(BO)). Seeref 3. f Comparedwith rawexperimentalnonadiabatic(� adiabatic)values(exp). g Martin.4
h Accordingto Martin,4 nonadiabaticeffectsin the X÷ 3ª - stateof NH arevery small, so re

ad � re
nonad. i Bernathet al.33,34

Figure 1. Convergenceof CCSD(T)re andö e towardthe CBS limit
derivedfor valence-only(cc-pVNZ) basissets.
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of MP2 and MP3. Clearly, the CCSD wave function is not
particularlywell suitedfor thecalculationof bonddistances.
Only with theadditionof triplescorrectionsat theCCSD~T!
level does the coupled-clustermodel yield satisfactoryre-
sults. Indeed, at the cc-pVTZ and cc-pVQZ levels, the
CCSD~T! model performsexcellently,with sharplypeaked
distributionscloseto theorigin. Fromtheseinvestigations,it
appearsthat the inclusion of doublesamplitudesto second
orderat theMP2 level yieldssatisfactoryresults,but that the
inclusionof doublesto higherorders~asin MP3, CISD, and
CCSD! without the simultaneousincorporationof triples @as
in MP4 andCCSD~T!#yieldsbonddistancesin worseagree-
mentwith theexactsolution.We ®nallynotethatCISD per-
forms less satisfactorily than any other correlatedmethod,
with the possibleexceptionof MP3.

E. Mean absolute deviations

We now consider the mean absolutedeviations DÅabs
listedin TableV andplottedin Fig. 4. In TableVI, themean

absolutedeviationsDÅabs are scaledsuch that the CCSD~T!
error in thecc-pVQZbasisis equalto one.With theobvious
exceptionsof MP3 andCISD at thecc-pVDZ level, Fig. 4 is
very similar to what we would obtain by plotting the abso-
lute values of the mean values DÅ~comparewith Fig. 1!,
con®rmingthe systematicnatureof the errors usually ob-
tained in ab initio calculations.From Fig. 4, the different

FIG. 3. Normaldistributionsr (R) for theerrorsin thecalculatedbonddistances.Thedistributionshavebeencalculatedfrom themeanerrorsin TableIII and
thestandarddeviationsin TableIV ~pm!. For easycomparison,all distributionshavebeennormalizedto oneandplottedon thesamehorizontalandvertical
scales.

TABLE V. ThemeanabsolutedeviationsDÅabsrelativeto experimentfor the
calculatedbonddistances~pm!.

cc-pVDZ cc-pVTZ cc-pVQZ

HF 2.11 2.80 2.91
MP2 1.29 0.58 0.54
MP3 0.88 1.16 1.30
MP4 1.77 0.51 0.41
CCSD 1.09 0.72 0.89
CCSD~T! 1.59 0.23 0.22
CISD 0.93 1.57 1.80

6434 Helgaker et al.: Molecular equilibrium structures

J. Chem. Phys., Vol. 106, No. 15, 15 April 1997

Helgak er et al, J. Chem. Phys. 106 , 6430 (1997).



General Commen ts

² The bigger the basis, the better? Usually | need to
balancewith correlation method; e.g.,cc-pVQZ is great for
CCSD(T), but overkill for Hartree-Fock

² STO-3G should not be used: too small

² Hard to a®ordmore than polarized double-zetabasissets
except for small molecules

² Anions must have di®usefunctions

² In our experience,cc-pVDZ is not necessarilybetter than
6-31G(d,p); however, cc-pVTZ is better than 6-311G(d,p)
or similar



² Convergenceof ab initio results is disappointingly slow
with respect to basisset for non-DFT methods (see,for
example,papersby Helgaker or Dunning)

² DFT is lessdependent on basisset sizethan wavefunction-
basedmethods(see,for example,papersby AngelaWilson)

² Best resourcefor getting basissets:
http://www.emsl.pnl.go v/forms/basisform.html

² I couldn't mention all the important basissets | others
are out there!


